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Just Distribution

• The problem: How to distribute resources…

Salaries

Tax breaks Medical care

Education Government 
benefits
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• The problem is not to satisfy preferences, but to achieve 
justice.
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Justice and Optimization

• The problem is not to satisfy preferences, but to achieve 
justice.

• Two classical criteria for distributive 
justice:
– Utilitarianism
– Difference principle of John Rawls

• Both can be viewed as mathematical optimization 
problems.
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Justice and Optimization

• Utilitarianism seeks distribution of wealth to individuals 
that maximizes total utility.
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Justice and Optimization

• Utilitarianism seeks distribution of wealth to individuals 
that maximizes total utility.

• The Rawlsian difference principle calls for a 
lexicographic maximum of utilities allotted to individuals.



8

Justice and Optimization

• We analyze distributions over nonidentical individuals.
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Justice and Optimization

• We analyze distributions over nonidentical individuals.
– Unlike most mathematical/axiomatic treatments of social welfare.

• Distribution of greater resources to more productive 
individuals may increase overall utility.
– i.e., to individuals who are more talented or work harder . 

• To what extent does efficiency require inequality in the 
utilitarian and Rawlsian models?
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Justice and Optimization

• Ethics cannot be reduced to mathematics, but…

• Optimization theory can…
– provide some insight into when a distribution of wealth is just.
– Allow us to calculate just allocations of resources.
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Outline

• Utilitarian principle
– Utilitarian rule
– Basic utilitarian model

• Mathematical analysis

– Utilitarian model with cost of social disharmony
• Mathematical analysis

• Difference principle
– Analysis of John Rawls
– Lexmax model of the difference principle

• Mathematical analysis
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Utilitarian Principle
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Utilitarian Principle

• Social policy should be chosen to maximize total utility 
across all persons.
– Utility = happiness, pleasure, or well-being in some sense.

• Historic example: punishment of criminals
– The criminal justice system should maximize total utility rather

than exact retribution (Jeremy Bentham).

– Punish crime when positive utility of deterring future crime 
outweighs negative utility of the punishment.
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Utilitarian Principle

• When distribution of wealth is at issue, we assume that 
every individual has a utility function v(x), where x is the 
wealth allocation to the individual.

Individual Utility Function
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Utilitarian Principle

• A “just” distribution of wealth is one that maximizes 
total expected utility.

• Example:  redundant workers.
– A company must decide whether to lay off workers during bad 

times.

– A layoff creates negative expected utility for the redundant 
workers but positive expected utility for the stockholders, etc.
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Utilitarian Principle

• Let xi = wealth of person i with layoff.

• Let xi′ = wealth without layoff.
• Lay off the workers if

( ) ( )i i
i i

v x v x ′≥∑ ∑
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Basic Utilitarian Model

• Let xi = wealth initially allocated to person i
ui(xi) = utility eventually produced by person i
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• The utility maximization problem:

Total budget

Basic Utilitarian Model
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• To solve it:

Associate Lagrange 
multiplier λ with this 

constraint

Basic Utilitarian Model
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• To solve it:

Basic Utilitarian Model

• Any solution (in which each xi ≥ 0) satisfies

,( , ) ( ) ( )   a0 ll i i i i i
i ii i

L x u x x u x i
x x

λ λ λ∂ ∂   ′= − = − = ∂ ∂  
∑ ∑

Associate Lagrange 
multiplier λ with this 

constraint
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• So

Basic Utilitarian Model

Distribute wealth so as to equalize marginal productivity.

1 1( ) ( )n nu x u x′ ′= =⋯
Marginal productivity
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• So

Basic Utilitarian Model

Distribute wealth so as to equalize marginal productivity.

1 1( ) ( )n nu x u x′ ′= =⋯

1 ,   all ( ) ( )i iu u i+
′ ′⋅ ≤ ⋅

Marginal productivity

Then

Less productive individuals receive less wealth.

1 nx x≤ ≤⋯

• If we assume persons are indexed in order of marginal 
productivity, i.e., 
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Utility maximizing distribution
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Utility maximizing distribution
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• An egalitarian distribution x1 = ⋅⋅⋅ = xn is optimal only 
when 

Basic Utilitarian Model

1 (1/ ) (1/ )nu n u n′ ′= =⋯

• So, equality is optimal only when everyone has the same 
marginal productivity in an egalitarian distribution.
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• Let                             where p ≥ 0

Basic Utilitarian Model

( ) p
i i i iu x c x=
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• Then the optimal wealth distribution is
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Basic Utilitarian Model
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• When p ≥ 1:   xn = 1 and all other xi = 0.
– The most productive individual gets everything .

• Then the optimal wealth distribution is
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Basic Utilitarian Model
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• When p ≥ 1:   xn = 1 and all other xi = 0.
– The most productive individual gets everything .

• Then the optimal wealth distribution is

• When p < 1:
– Distribution is completely egalitarian only if c1 = ⋅⋅⋅ = cn

– Otherwise the most egalitarian 
distribution occurs when p → 0: i

i
j

j

c
x

c
=
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Basic Utilitarian Model

• So if productivity is at least proportional to input (p ≥ 1), 
the most productive class gets everything.

• Otherwise, the most nearly egalitarian distribution that 
can be optimal is one in which people receive wealth in 
proportion to ci.
– And this occurs only when productivity very insensitive to 

investment (p → 0).
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Utility maximizing wealth alllocation
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Basic Utilitarian Model

• Let’s see how wealth is distributed in a multiclass 
society…
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Wealth allocation, p = 0
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Wealth allocation, p = 0.5
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Wealth allocation, p = 0.7
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Wealth allocation, p = 0.8
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Wealth allocation, p = 0.9
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Utility Loss Due to Equality
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Utility Loss Due to Equality
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When output is 
proportional to investment, 

equality has high cost 
(cuts utility in half)
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Utility Loss Due to Equality
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As p →0, optimal utility 
requires highly unequal 

allocation, but equal allocation 
is only slightly suboptimal 
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Social Disharmony Model

• Utilitarians argue that a highly unequal distribution 
cannot be optimal, due to social disharmony.
– Utility is not an additively separable function.
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Social Disharmony Model

• Utilitarians argue that a highly unequal distribution 
cannot be optimal, due to social disharmony.
– Utility is not an additively separable function.

– Let’s model cost of inequality as proportional to total range of 
incomes.
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Social Disharmony Model

• Utilitarians argue that a highly unequal distribution 
cannot be optimal, due to social disharmony.
– Utility is not an additively separable function. 

– Let’s model cost of inequality as proportional to total range of 
incomes.

• Now maximize utility:
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Social Disharmony Model

• Does a positive β result in a more egalitarian distribution 
of wealth?

• How large must β be to force equality in a utility 
maximizing distribution?



46

Social Disharmony Model

• Theorem. If                                   

we can rewrite 
the model

1 ,   all ( ) ( )i iu u i+
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Social Disharmony Model

• Theorem. If                                   

we can rewrite 
the model

1 ,   all ( ) ( )i iu u i+
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Associate Lagrange 
multipliers

λ
µi
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Social Disharmony Model

• The Karush-Kuhn-Tucker (KKT) optimality conditions imply 
that x is optimal only if there are λ and µ1, …, µn−1 ≥ 0
such that 

1 1 1

1

1

( ) 0

( ) 0, 2, , 1

( ) 0

i i i i

n n n

u x

u x i n

u x

β λ µ

λ µ µ

β λ µ
−

−

′ + − − =

′ − + − = = −

′ − − + =

…

where µi = 0 if xi < xi+1 in the solution.
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Social Disharmony Model

• First suppose that everyone gets a different wealth 
allotment xi.  Then each µi = 0 and

1 1 2 2 1 1( ) ( ) ( ) ( )n n n nu x u x u x u x− −
′ ′ ′ ′

⋯

All equalβ smaller
than those 

in the middle

β larger
than those

in the middle
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Utility maximizing distribution
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Utility maximizing distribution
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Utility maximizing distribution
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Utility maximizing distribution
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Utility maximizing distribution
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Utility maximizing distribution
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Utility maximizing distribution
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Social Disharmony Model

• How large must β be to force equality?

• Here each µi > 0.  Eliminate λ from KKT conditions & get 
equations of the form

1 2 1

1 1

1 1 1

2

, 2, , 2i i i

n n

d

d i n

d

µ µ
µ µ µ
µ µ

+

− −

− =
+ − = = −
+ =

…
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Social Disharmony Model

• How large must β be to force equality?

• Here each µi > 0.  Eliminate λ from KKT conditions & get 
equations of the form

1 2 1
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n n
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µ µ µ
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• These equations have a particularly simple solution:
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Social Disharmony Model

• In this case 1 1 1 1

1 1 1

( ) ( ) , 1, , 1
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1 1
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n n k k
µ β
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Average over n − k
most productive 

individuals

Average over k
least productive 

individuals

• So,
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Social Disharmony Model
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• Theorem.  The utilitarian distribution is egalitarian only if 
each µk ≥ 0, thus only if for all k,
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most productive 
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Average over k
least productive 

individuals
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Social Disharmony Model
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• Theorem.  The utilitarian distribution is egalitarian only if 
each µk ≥ 0, thus only if for all k,

Average over n − k
most productive 

individuals

Average over k
least productive 

individuals

If ui′(xi) = cixi
p, we have equality only if for all k,
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1
1 1

( ) 1 1n k

i ip
i k i

p k n k
c c

n n n k k
β −
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Social Disharmony Model

If ui′(xi) = cixi
p, we have equality only if for all k,

• So β must be larger to enforce equality when there is a 
large gap between k least productive people and the rest.
– β is more sensitive to the gap when k ≈ n/2, because k(n − k) is 

larger.
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Difference Principle
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Problems with Utilitarianism

• A utility maximizing distribution may be unjust.
– Disabled or nonproductive people may be neglected.

– Less talented people who work hard may receive meager wage.
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Rawlsian Difference Principle

• The root idea is that when I make a decision for myself, I 
make a decision for anyone in similar circumstances.
– It doesn’t matter who I am.

• So when I choose policies for distributing wealth, I 
should pretend that I don’t know who I am.
– I make decisions (formulate a social contract)  in an original 

position , behind a veil of ignorance as to who I am.
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Rawlsian Difference Principle

• Rawls argues that this implies a principle for distributive 
justice:

• Difference principle: A just distribution of wealth 
creates only as much inequality as is necessary to 
improve everyone’s welfare.
– This refers to inequality of opportunity , not outcome.

– As in distribution of salaries, tax burden, medical benefits, etc.
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Rawlsian Difference Principle

• Example: salary differences
– I can rationally agree only to salary differences that are 

necessary to make everyone better off.

– Perhaps because if salaries were more equal, people would be 
lazy, the economy would shrink, and everyone would be worse 
off.

– So if I find myself with a low salary, I can reason that I would be 
even worse off if salaries were more equal.
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Lexmax Principle

• The difference rule implies a lexmax principle.
– If we also assume that a distribution is just only if there is no 

Pareto improvement.

– Pareto improvement = some people are better off, no one is 
worse off.

• Lexmax (lexicographic maximum) principle :
– Maximize welfare of least advantaged class…

– then next-to-least advantaged class…
– and so forth.
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Lexmax Principle

• Why the difference principle implies lexmax principle:

Can improve lowest class 
without hurting anyone else
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Lexmax Principle

• Why the difference principle implies lexmax principle:

Can improve lowest class 
without hurting anyone else

Then there is a 
Pareto improvement
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Lexmax Principle

• Why the difference principle implies lexmax principle:

Can improve lowest class, 
but it hurts someone else
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Lexmax Principle

• Why the difference principle implies lexmax principle:

Can improve lowest class,
but it hurts someone else

Then we created 
inequality that does not 
make everyone better off.
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Lexmax Principle

• Why the difference principle implies lexmax principle:

• Argue inductively for the other classes.
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Lexmax Model

• We will model the lexmax principle as a utility 
maximization problem with a lexmax objective 
function .
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Lexmax Model

• We will model the lexmax principle as a utility 
maximization problem with a lexmax objective 
function .

• Let v(xi) = personal utility of wealth xi.
– We assume everyone has the same utility function, but not the 

same productivity function.
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Lexmax Model

• We will model the lexmax principle as a utility 
maximization problem with a lexmax objective 
function .

• Let v(xi) = personal utility of wealth xi.
– We assume everyone has the same utility function, but not the 

same productivity function.

• We assume each person’s share of total utility is 
proportional to the utility of his/her initial wealth 
allocation.
– Thus individuals with more education, salary have greater 

access to social utility.
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Lexmax Model

• The utility maximization problem:
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Lexmax Model

• The utility maximization problem:
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Lexmax Model

• The utility maximization problem:
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Lexmax Model

• The utility maximization problem:
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Lexmax Model

• The utility maximization problem:
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Lexmax Model

• The utility maximization problem:
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Lexmax Model

• The utility maximization problem:
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Lexmax Model

• The utility maximization problem:
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Theorem.  If
and v(.) is nondecreasing,
this
has an optimal solution in 
which

Lexmax Model

• The utility maximization problem:
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Utility maximizing distribution
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Lexmax distribution
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Utility Maximizing Distribution
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Lexmax Distribution
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Lexmax Model

• When does the Rawlsian model result in equality?
– That is, when do we have x1 = ⋅⋅⋅ = xn in the solution of the 

lexmax problem?

• The lexmax problem forces equality if and only if L1
forces equality.
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• Remarkably, the KKT conditions have the same form as 
for the social disharmony model:
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• Theorem. If ui(xi) = cixi
p and v(xi) = xi

q, then the lexmax
distribution is egalitarian (x1 = ⋅⋅⋅ = xn) only if 
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Lexmax Model

for k = 1, …, n − 1.
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• Theorem. If ui(xi) = cixi
p and v(xi) = xi

q, then the lexmax
distribution is egalitarian (x1 = ⋅⋅⋅ = xn) only if 
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Lexmax Model

for k = 1, …, n − 1.

Average of k smallest ci’sAverage of n − k largest ci’s
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• Theorem. If ui(xi) = cixi
p and v(xi) = xi

q, then the lexmax
distribution is egalitarian (x1 = ⋅⋅⋅ = xn) only if 

Lexmax Model

for k = 1, …, n − 1.

• Equality is more likely when p is small.
– That is, when greater investment in an individual yields rapidly

decreasing marginal returns.
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• Theorem. If ui(xi) = cixi
p and v(xi) = xi

q, then the lexmax
distribution is egalitarian (x1 = ⋅⋅⋅ = xn) only if 

Lexmax Model

for k = 1, …, n − 1.

• Equality test is more sensitive at upper end (large k).
– Equality is unlikely when individuals at the top are much more 

productive than average.

– Equality is still possible even when individuals at the bottom 
are much less productive than the average.
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• Theorem. If ui(xi) = cixi
p and v(xi) = xi

q, then the lexmax
distribution is egalitarian (x1 = ⋅⋅⋅ = xn) only if 

Lexmax Model

for k = 1, …, n − 1.

• Equality is less likely when q is small.
– That is, when greater wealth yields rapidly decreasing marginal 

utility.

– That is, when people don’t care much about getting rich .
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Bimodal productivity distribution
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Lexmax Model

• In a lexmax model, there is a more equal distribution of 
resources when:

– Productivity is insensitive to investment.

– The productivity distribution has a short upper tail .
• The lower tail doesn’t matter.

– The productivity distribution is unimodal rather than bimodal.

– People want to get rich .
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Lexmax Model

• Lexmax distribution can be inegalitarian in a laissez-
faire society.
– Government controls only a few resources, such as higher 

education subsidies or tax breaks.

– Historically underprivileged individuals remain much less 
productive than elites.

– Large differences between individual productivity functions.
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Lexmax Model

• Lexmax distribution can be inegalitarian in a laissez-
faire society.
– Government controls only a few resources, such as higher 

education subsidies or tax breaks.

– Historically underprivileged individuals remain much less 
productive than elites.

– Large differences between individual productivity functions.

• Lexmax distribution should be more egalitarian in a 
socialist system 
– Government controls a wider range of resources.

– Small differences between individual productivity functions.
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Lexmax Model

• A society that controls a wider range of resources is 
obliged to distribute those resources more equally than 
if it controlled fewer resources.  


