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Postoptimality Analysis with MDDs

• Goal: Perform postoptimality analysis on discrete 
optimization problems.

• Difficulty :  It is hard to reason about the entire solution 
space.

• Solution :  Represent the set of near-optimal solutions as 
a Multivalued Decision Diagram .
– MDD can be queried in real time.
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Why Postoptimality Analysis?

• A single optimal solution offers limited information.
• Postoptimality analysis can provide insight into model.

– It takes a model seriously as a model.
– Compare: models in the physical sciences.

• Schrödinger’s wave equation
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Postoptimality Analysis

• Types of analysis:
– Characterize the set of optimal or near-optimal 

solutions.
• How much freedom to alter solution without much 

sacrifice?
– Measure sensitivity of optimal value to problem data.

• Which data really matter?
– Do this online in response to what-if queries.

• What if I fix certain variables?



Postoptimality Analysis

• Postoptimality analysis tends to be computationally 
intractable for discrete optimization.
– Particularly real-time or interactive analysis.



Postoptimality Analysis

• Postoptimality analysis tends to be computationally 
intractable for discrete and global optimization.
– Particularly real-time or interactive analysis.

• Ideal: a compact representation of the set of optimal, 
near-optimal, or feasible solutions.
– Can be queried in real time.
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Analysis Using MDDs

• Proposal: Use binary decision diagrams (BDDs)
– For binary variables.

• Or MDDs
– For multivalued

variables
• Common applications:

– VLSI verification &
model checking

– Configuration
problems
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Analysis Using MDDs

• MDD can grow exponentially with number of variables
– …but can be surprisingly compact in important cases.
– Size can be sensitive to variable ordering.

• MDD doesn’t care whether the problem is linear or 
nonlinear, convex or nonconvex.
– Functions can take any form (polynomial, etc.).
– But objective function must be separable.

• Add new variables if necessary to accomplish this.



Outline

• Analysis using MDDs
• Example: capital budgeting problem

– Complete MDD (all feasible solutions)
• Example: reliability networks

– Complete MDD
• Cost-bounded BDDs

– Represent near-optimal solutions only
– Much smaller BDDs
– Not yet implemented for MDDs

• Example: 0-1 linear programming



Analysis Using MDDs

• Can find optimal solution by computing shortest path in 
MDD.

• Do postoptimality analysis by analyzing MDD and its 
near-optimal paths.



Reduced MDDs

• A constraint set has a unique reduced MDD.
– For a given variable ordering.

• The MDD is a compact representation of the branching 
tree.
– If both branches from a node lead to identical 

subtrees, remove the node.
– If two subtrees are identical, superimpose them.
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Remove redundant nodes…
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Superimpose identical leaf 
nodes…
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as generated by software
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Conjunction of BDDs
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• Generating an MDD from scratch requires enumeration 
of search tree.
– Intelligent caching to identify reduced form.
– Known bound on optimal value can prune the search.



Constructing MDDs

• Generating an MDD from scratch requires enumeration 
of search tree.
– Intelligent caching to identify reduced form.
– Known bound on optimal value can prune the search.

• In practice, MDD for an expression is formed by 
combining MDDs of subexpressions.
– For example, conjoining BDDs of individual knapsack 

constraints.
• We will use cost-based bounding.

– Represent near-optimal solutions only.
– Prune the MDD as it is constructed.
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The 0-1 inequality

has 117,520 minimal feasible solutions

Or equivalently,

has 117,520 minimal covers
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Constructing MDDs

• BDD for a knapsack constraint can be surprisingly 
small…

The 0-1 inequality

has 117,520 minimal feasible solutions

But its reduced BDD has only 152 nodes…

0 1 2 3 4 5 6 7 8 9

10 11 12 13 14 15 16 17 18

300 300 285 285 265 265 230 230 190 200

400 200 400 200 400 200 400 200 400 2700

x x x x x x x x x x

x x x x x x x x x

+ + + + + + + + + +
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Capital Budgeting

• Capital budgeting 
problem:

where

Let
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max

0,1,2,3j
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(503,493,450,410,395,389,360,331,304,299)
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Capital Budgeting

• BDD has 1080 nodes.
– MDD is converted to BDD.

• Cost-based domain analysis:
– Let { }( ) | optSol x cx cD = ³ - D

be set of solutions within D of the optimal 
value copt.

Let xj(D) be projection of Sol(D) onto xj

– Observe how xj(D) grows as D increases.

» Gives an idea of how much freedom there is to 
adjust the solution without much sacrifice.



x1(0)



x1(0) x1(5) = {0,1,2}



Network Reliability

• Minimize cost subject to a bound on reliability
– System of 5 bridges:

1 2 2 3 4 1 2 3 4 1 2 3 4 5 1 2 3 4 5(1 ) (1 ) (1 )(1 ) (1 ) (1 )R R R R R R R R R R R R R R R R R R R R= + - + - + - - + - -



The problem:

Number of links j

Set Rmin = 60 in all examples
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Cost-based 
domain analysis

89 nodes in MDD

1.2 seconds 
to compile MDD

c = 



Domain analysis 
with respect to R

Same MDD as 
before



7 bridges



Cost-based 
domain analysis

3126 nodes in MDD

9.0 seconds
to compile MDD



Domain analysis 
with respect to R

Same BDD as 
before



12 bridges



Cost-based 
domain analysis

36,301 nodes in MDD

1980 seconds 
to compile MDD

1.8 seconds query 
time to build this table



Domain analysis 
with respect to R

Same MDD as 
before



• It suffices to use an MDD with the same near-optimal 
solutions as the original MDD.  We assume D £ Dmax.

Reducing MDD Growth



• It suffices to use an MDD with the same near-optimal 
solutions as the original MDD.  We assume D £ Dmax.

Reducing MDD Growth

feasible

solutions
Sol

� �
= � �

� �

original

MDD
M =

max
opt max

feasible solutions

with value  
Sol

cD

� �
= � �£ + D� � max

max

MDD that

representsM

Sol
D

D

=
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Reducing MDD Growth

feasible

solutions
Sol

� �
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original

MDD
M =

max
opt max

feasible solutions

with value  
Sol

cD

� �
= � �£ + D� � max

max

MDD that

representsM

Sol
D

D

=

• Unfortunately, can be exponentially larger than M.
– Even though it represents a smaller set of solutions.

max
MD



Reducing MDD Growth

feasible

solutions
Sol

� �
= � �

� �

original

MDD
M =

• We will construct a smaller MDD M¢(Dmax) that is 
sound : 

– It has the same near optimal solutions as M.

max
opt max

feasible solutions

with value  
Sol

cD

� �
= � �£ + D� � max

max

MDD that

representsM

Sol
D

D

=

max maxmax( )M MD D¢D =

• It suffices to use an MDD with the same near-optimal 
solutions as the original MDD.  We assume D £ Dmax.
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Reducing MDD Growth

Sol = Solutions 
represented by M

Solutions 
represented by M¢(Dmax)

Value > copt + Dmax

Value < copt + Dmax



Pruning and Contracting

• We are unaware of a polytime exact method for 
constructing the smallest sound MDD.

• We use two heuristic methods for generating small 
sound MDDs during compilation:
– Pruning edges
– Contracting nodes



Pruning

• Delete all edges that belong only to paths longer 
than copt + Dmax.

Edge that belongs 
only to long paths.
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• Delete all edges that belong only to paths longer 
than copt + Dmax.



If another edge
now belongs only 
to long paths

Pruning

• Delete all edges that belong only to paths longer 
than copt + Dmax.



Pruning

Delete it, too.

• Delete all edges that belong only to paths longer 
than copt + Dmax.



And simplify the BDD.
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And simplify the BDD.

Pruning

• Delete all edges that belong only to paths longer 
than copt + Dmax.



Contracting

• Remove a node if this creates no new paths 
shorter than copt + Dmax

up

uc



Experimental Results

{ }

min

0,1
n

cx

Ax b

x

³

Î

• We solve the 0-1 problem

i ij
j

b Aa= �

Aij drawn uniformly 
from [0,r]



Experimental Results

• 20 variables, 5 constraints

• copt = 101,  cmax = 588
Sound BDD

Memory = 0.2 MB
Query time = 0.04 sec



� max / (cmax – copt)

556Sol =

72,896Sol =

449,102Sol =
929,260Sol =

max
MD

max( )M¢D
Size 
of 

MDD



Experimental Results

• 30 variables, 6 constraints

• copt = 36,  cmax = 812

Memory = 20 MB
Query time = 4 sec



Experimental Results

• 40 variables, 8 constraints

• copt = 110,  cmax = 1241

Memory = 4 MB
Query time = 1 sec



Experimental Results

• 60 variables, 10 constraints

• cmin = 67,  cmax = 3179

Memory = 2 MB
Query time = 0.3 sec



Experimental Results

Results 
when 
tightness a
is gradually 
reduced



Experimental Results

• MIPLIB instances

• Dmax = 0 (MDD represents all optimal solutions)



Conclusion

• Cost-bounded BDDs provide reasonable scalabililty
for BDD-based postoptimality analysis.
– At least for 0-1 linear programming.

• Comprehensive postoptimality analysis available in 
real time.
– Once MDD has been constructed.



Conclusions and Future Work

Future work:

• Extension of cost bounding to MDDs.  
– A matter of implementation.
– Use cost bounded MDDs for nonlinear, nonconvex

problems
• Test cost bounding on nonlinear problems.

– Nonlinearity, nonconvexity should not be a major 
factor.

• Extension to mixed discrete/continuous variables.
– ??



Future Research

• Deeper analysis of near-optimal set.
– Characterize optimal and near-optimal solutions by 

decomposition properties, etc.
– Existential quantification/projection methods to focus 

attention on important variables.
– MDD as basis for explanation (generalized duality).



Other Uses for BDDs

• Polyhedral relaxations of MDDs
– Apply to subsets of constraints.

• MDDs as solution technique – Shortest path approach
– Use known bound to reduce MDD.



Other Uses for BDDs

• MDDs as solution technique – propagation thru MDD 
relaxation
– Replace domain store with MDD store.
– Use general splitting technique to generate relaxed 

MDD.
• Tightness of relaxation depends on MDD width.

– Order-of-magnitude speedups for multiple alldiffs.
– Also applied to separable equality constraints.
– Poor performance on 0-1 inequalities.


